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INFINITELY GENERATED VIRTUALLY FREE PRO-p
GROUPS AND p-ADIC REPRESENTATIONS
P. A. ZALESSKII
Abstract. We prove the pro-p version of the Karras, Pietrowski,
Solitar, Cohen and Scott result stating that a virtually free group
acts on a tree with finite vertex stabilizers. If a virtually free pro-p
group G has finite centralizers of all non-trivial torsion elements, a
stronger statement is proved: G embeds into a free pro-p product
of a free pro-p group and a finite p-group. Integral p-adic represen-
tation theory is used in the proof; it replaces the Stallings theory
of ends in the pro-p case.
MSC classification: 20E18, 20C11
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1. Introduction
Let p be a prime number, and let G be a pro-p group containing an
open free pro-p subgroup F , i.e. G is a virtually free pro-p group. If
G is torsion free, then, according to the celebrated theorem of Serre
[17], G itself is free pro-p. This motivated him to ask the question
whether the same statement holds also in the discrete context. His
question was answered positively some years later. In several papers
(cf. [19], [20], [21]), J.R. Stallings and R.G. Swan showed that free
groups are precisely the groups of cohomological dimension 1, and at
the same time J-P. Serre himself showed that in a torsion free group
G the cohomological dimension of a subgroup of finite index coincides
with the cohomological dimension of G (cf. [18]).
One of the major tools for obtaining this type of results in the pres-
ence of torsion is the Stallings theory of ends. Using it the description
of a virtually free discrete groups as a group acting on a tree with finite
vertex stabilizers was obtained by Karras, Pietrowski and Solitar [8] in
finitely generated case, D. E. Cohen [2] when the group is countable
and by G. P. Scott [16] in the general case.
The objective of this paper is to prove a pro-p version of this result
that generalizes the main result of [3].
1partially supported by CNPq
Date: October 5, 2018.
1
2 P. A. ZALESSKII
Theorem 1.1. Let G be a virtually free pro-p group. Then G acts on
a pro-p tree with finite vertex stabilizers.
The theory of ends for pro-p groups has been initiated in [9]. How-
ever, it is not known whether an analogue of Stallings’ Splitting Theo-
rem holds in this context. Here we use the representation theory over
p-adic numbers; it is quite amazing that in the pro-p situation it can
replace the theory of ends.
More precisely, first we embed G into a semidirect product of G˜ =
F˜ ⋊ H of a free pro-p group F˜ and a finite p-group H such that all
torsion elements of G˜ are conjugate into H . Now we use integral p-adic
representations of pro-p groups. Namely, we prove that the abelianiza-
tion F˜ ab is a permutation Zp[H ]-module. Then we use the results of
[10] on infinitely generated p-adic permutation modules and especially
infinitely generated pro-p version of the celebrated theorem of A. Weiss
[22] to prove the following theorem of independent interest.
Theorem 1.2. Let G = F ⋊ H be a semidirect product of a finite p-
group and a free pro-p group F . Suppose the abelianization F ab is a
ZpH-permutation module. Then G is an HNN-extension with the base
group H.
Thus G˜ is such an HNN-extension and as in the classical Bass-Serre
theory of groups acting on trees, such an HNN-extension acts on a
standard pro-p tree T such that vertex stabilizers are conjugate to
subgroups of H ; hence G acts on T as well. Moreover, this gives the
following result.
Theorem 1.3. Let F ⋊H be a semidirect product of a free pro-p group
F and a finite p-group H. Then the action of H extends to the action
on some free pro-p group F˜ containing F such that H permutes the
elements of some basis of F˜ .
The proof of Theorem 1.1 also shortens and simplifies the proof of
[3, Theorem 1.3]; it brings the complicated induction in G downstairs
to permutation Zp[H ]-module M = F
ab, where it is very transparent.
In fact our proof practically does not use the theory of pro-p groups
acting on pro-p trees.
If a virtually free pro-p group G have finite centralizers of torsion
elements then we show a much more precise result.
Theorem 1.4. Let G be a virtually free pro-p group having finite cen-
tralizers of the non-trivial torsion elements. Then G embeds into a free
pro-p product G0 = F0∐H of a finite p-group H and a free pro-p group
F0.
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This theorem can be considered as a generalization of the main result
of [11] where under the hypothesis of the second countability of G was
shown that G is a free pro-p product of finite p-groups and a free pro-
p group. Indeed, this result follows directly from Theorem 1.4 using
the pro-p version of the Kurosh Subgroup Theorem ([12, Thm. 4.3]
or [14, Thm 9.6.2]. In general such a decomposition might not exist.
Considering however the natural action of G on G0/H and denoting
by X the G-subset of G0/H whose points have non-trivial stabilizers,
we prove the following criterion of the existence of a decomposition of
G as a free pro-p product of finite p-groups and a free pro-p group.
Theorem 1.5. Let G be a virtually free pro-p group having finite cen-
tralizers of the non-trivial torsion elements. Then G is a free pro-p
product of finite p-groups and a free pro-p group if and only if the nat-
ural quotient map X −→ X/G by the action of G admits a continuous
section.
Such continuous section does not always exist according to [14, Thm
10.7.4] or [7, Section 4].
Acknowledgement. The author thanks the anonymous referee for
careful reading the manusrcript and many suggestions that lead to
considerable improvement of the paper.
Notation
If G is a group and H a subgroup of G then HG denotes the normal
closure of H in G. By Gab we shall denote the abelianization of G.
Zp[G] shall denote the group ring ifG is finite and Zp[[G]] the completed
group ring if G is infinite pro-p. If M is a Zp[G]-module, M
G denotes
invariants (i.e. fixed points) and MG coinvariants (meaning MG =
M/IGM , where IG is the augmentation ideal). By Res
G
H(M) we shall
denote the restriction of M to Zp[H ].
2. Preliminaries
2.1. Permutation modules.
Definition 2.1. A boolean or profinite space X is an inverse limit of
finite discrete spaces, i.e., a compact, Hausdorff, totally disconnected
topological space. A pointed profinite space (X, ∗) is a profinite space
with a distinguished point ∗. A profinite space X (resp. pointed profi-
nite space (X, ∗)) with a profinite group G acting continuously on it
will be called a G-space.
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An example of a pointed profinite space is a one point compactifi-
cation X ∪ {∗} of a discrete space X with added point ∗ being the
distinguished point. If R is a commutative pro-p ring with unity and
(X, ∗) = lim←−i∈I(Xi, ∗) is an inverse limit of finite pointed spaces then
R[[X, ∗]] = lim
←−i∈I
R[Xi, ∗] is a free pro-p R-module on the pointed space
(X, ∗). Note that if (X, ∗) is a one point compactification of a discrete
space X then R[[X, ∗]] =
∏
|X|R. Remark also that if ∗ is an isolated
point, then R[[X, ∗]] = R[[X \ {∗}]], i.e. ∗ becomes superfluous. If G
is a pro-p group then R[[G]] is a pro-p ring, called a pro-p group ring
of G.
Definition 2.2. Let H be a pro-p-group and (X, ∗) a pointed H-space.
Then the free abelian group R[[X, ∗]] becomes naturally a pro-p R[[H ]]-
module called permutation module.
The next proposition collects facts on permutation pro-p modules
needed for this paper.
Proposition 2.3. Let R = Zp or Fp. Let H be a finite p-group and M
be a permutation pro-p R[H ]-module.
(i) ([11, Corollary 2.3]) M =
⊕
K≤H
∏
IK
R[H/K], where IK is
some set of indices.
(ii) ([10, Prop 3.4]) Every direct summand A of M is a permutation
module. Furthermore there exist a subset JK ⊆ IK for each K
such that
∏
K≤H
∏
JK
R[H/K] complements A in M .
(iii) ([10, Cor 6.8]) If U is also permutation Zp[H ]-module then an
extension of M by U splits and so is a permutation Zp[H ]-
module.
Remark 2.4.
∏
IK
Zp[H ] is a free Zp[H ]-module on the pointed profinite
basis (IK , ∗), where (IK , ∗) is a one point compactification of a discrete
space IK . Then the composite
(IK , ∗) −→
∏
IK
Zp[H ] −→
∏
IK
Zp[H/K]
is injective and so (IK , ∗) can be identified with its homeomorphic
image in
∏
IK
Zp[H/K]. So we can regard X = (
⋃
K≤H IK , ∗) as a
subspace of M =
⊕
K≤H
∏
IK
Zp[H/K] that we shall call a pointed
basis of M . Besides,
∏
IK
Zp[H/K] = Zp[H ]⊗ˆZp[K]Zp[[IK , ∗]], where
Zp[[IK , ∗]] is a trivial Zp[[K]]-module and ⊗ˆmeans the completed tensor
product.
Recall that a Zp[[G]]-module M is called a lattice if it is free as Zp-
module. One of the most beautiful results of modular representation
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theory of the end of 20-th century is the theorem of Weiss [22] which
infinitely generated pro-p version is the following recently proved
Theorem 2.5. [10, Thm 8.8] Let G be a finite p-group and let M be a
left Zp[G]-lattice. Let N be a normal subgroup of G such that
(i) resGN(M) is a free Zp[N ]-module, and
(ii) MN is a Zp[G/N ]-permutation module.
Then M is a Zp[G]-permutation module.
The proof of this theorem as well as of the original Weiss’s theorem
is quickly reduced (by induction on N) to the case |N | = p. In this case
however we can weaken the hypothesis (i) of Theorem 2.5 assuming that
M is Zp[N ]-permutation and that a maximal Zp[N ]-trivial summand
of it is G-invariant.
Theorem 2.6. Let G be a finite p-group and let M be a left Zp[G]-
lattice. Let N be a normal subgroup of G of order p such that
(i) resGN(M) is a permutation Zp[N ]-module M1⊕Mp with Mp being
Zp[N ]-free and M1 being G-invariant and Zp[N ]-trivial;
(ii) MN is a Zp[G/N ]-permutation module.
Then M is a Zp[G]-permutation module and M1 is its direct summand.
Proof. We have a Zp-decomposition into direct sum M
N = M1 ⊕M
N
p
and so modulo p we have an Fp-decomposition M¯
N = M¯1 ⊕ M¯
N
p
of Fp-modules. Now applying an operator
∑
n∈N n to Fp[N ]-module
M¯ = M¯1 ⊕ M¯p we obtain M¯
N
p and so it is an Fp[G]-submodule of M¯ .
Hence M¯N = M¯1 ⊕ M¯
N
p is an Fp[G]-decomposition and so by Proposi-
tion 2.3(ii) M¯1 and M¯
N
p are Fp[G]-permutation, since M¯
N is. By [10,
Theorem 8.6]M1 andM
N
p
∼= MN/M1 are Zp[G]-monomial lattices, (i.e.
a direct product of lattices induced from a rank 1 lattices). Monomial
Zp[G]-lattices are permutation Zp[G]-lattices for p > 2. For p = 2 we
need to apply [10, Lemma 8.4] to deduce that the Zp[G]-module M
N
decomposes as MN ∼= M1 ⊕M
N
p and hence by Proposition 3.4 (ii) M1
and MNp
∼= MN/M1 are Zp[G]-permutation. Applying Theorem 2.5 we
deduce that Mp is a Zp[G]-permutation module. Therefore M is an
extension of permutation Zp[G]-modules (M1 by Mp) and so by Propo-
sition 2.3 (iii) is a permutation Zp[G]-module with M1 being its direct
summand.

Remark 2.7. Theorem 2.6 is the main ingredient of induction in the
proof of the main result. We note that hypotheses (i) and (ii) of
Theorem 2.6 are also necessary. Indeed, if M is Zp[G]-permutation
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then (i) is clearly satisfied. To see (ii) take a typical direct summand
Zp[G/H ] of M , where H is a subgroup of G. Observe that if N ≤ H
then Zp[G/H ]
N = Zp[G/H ]. Otherwise Zp[G/H ] is Zp[N ]-free and so
Zp[G/H ]
N = Zp[G/H ]N = Zp[G/HN ] (see [11, Lemma 2.4]).
The condition of G-invariancy is essential as the following example
shows.
Example 2.8. Let G = N×C be a direct product of two groups of order
2 with generators c1 and c2 respectively. Let M = 〈x, a, b〉 be a free
abelian pro-2 group of rank 3. Define an action of G on M as follows:
c1x = x, c1a = b, c1b = a, c2x = x + a + b, c2a = −a, c2b = −b. Then
ResGN(M) = Z2 ⊕ Z2[C2] and so is permutation. The Z2[G/N ]-module
MN ∼= Z2[G/N ] and so is permutation. But M is not permutation
Z2[G]-module, since it is not permutation as Z2[C]-module.
2.2. HNN-extensions. If (X, ∗) is a pointed profinite space, a free
pro-p group F = F (X, ∗) is a pro-p group together with a continuous
map ω : (X, ∗) −→ (F, 1) satisfying the following universal property:
F (X, ∗)
η
##❋
❋
❋
❋
❋
(X, ∗)
ω
OO
α // G
for any pro-p group G, any continuous map of pointed profinite
spaces α : (X, ∗) −→ (G, 1) extends uniquely to a continuous homo-
morphism η : F (X, ∗) −→ G.
If (X, ∗) is a one point compactification of a discrete spaceX then the
free pro-p group F (X, ∗) on the pointed profinite space (X, ∗) coincides
with the notion of a free pro-p group F (X) on the basis X convergent
to 1 (see [15, Chapter 3]).
We introduce a notion of a pro-p HNN-extension slightly simpler than
the construction described in [4] to make the paper more accessible to
the reader; this version suffices for our purpose. In the literature usually
the term HNN-extension stands for the construction with one stable
letter only, in our case through the paper we shall have a set of stable
letters.
Definition 2.9. Suppose that G is a pro-p group, and for a finite set
{Ai | i ∈ I} of subgroups of G and a family of pointed profinite spaces
{(Xi, ∗) | i ∈ I} there are given continuous maps φi : Ai × Xi → G
such that (φi)|Ai×{x} is an injective homomorphism and (φi)|Ai×{∗} = id
for each x ∈ Xi. The HNN-extension G˜ := HNN(G,Ai, φi, Xi), i ∈ I
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is defined to be the quotient of a free pro-p product
∐
i∈I F (Xi, ∗)∐G
modulo the relations φi(ai, xi) = xiaix
−1
i for all xi ∈ Xi, i ∈ I. We
call G the base group, Ai and Bix := φi(Ai×{x}) associated subgroups
and
⋃
i∈I Xi \ {∗} the set of stable letters. Note that if Ai and Aj
are conjugate then the relation φi(ai) = xiaix
−1
i implies automatically
the corresponding relation on Aj, therefore we can remove j from i
enlargingXi; thus w.l.o.g we shall assume from now on that {Ai | i ∈ I}
is the family of pairwise non-conjugate subgroups.
If each (φi)|Ai×{x} is an identity map, we call the HNN-extension
special.
Remark 2.10. A pro-p HNN-group G˜ is a special case of the funda-
mental pro-p group Π1(G,Γ) of a profinite graph of pro-p groups (G,Γ)
(see [14, Example (e)]). Namely, a pro-p HNN-group can be thought
as Π1(G,Γ), where Γ is a bouquet (i.e., a connected profinite graph
having just one vertex - the distinguished point of the one point com-
pactification Γ = (
⋃
i∈I Xi, ∗) of the set of stable letters). In particu-
lar, a pro-p HNN-group G˜ := HNN(G,Ai, φi, Xi) acts on a pro-p tree
S = S(G˜) defined as follows: the vertex set V (S) = G˜/G and the
edge set E(S) =
⋃
i∈I G˜/Ai × (Xi \ {∗}) with g˜G and g˜xiG to be ini-
tial and terminal vertices of (g˜Ai, xi), xi ∈ Xi. The fact that S(G˜)
is a pro-p tree means that there is an exact sequence of permutation
Zp[[G]]-modules
0→ Zp[[E(S), ∗]]→ Zp[[V (S)]]→ Zp → 0
where the second arrow is given by (g˜Ai, xi)→ g˜xiG− g˜G.
The next proposition corrects unessential error in the statement
of Lemma 3.8 in [3], namely the description of the centralizers as
CF˜ (Ai) =
∐
s∈Si
F (Zi, ∗)
s there was correct only for Ai maximal fi-
nite (by inclusion), and only for maximal Ai used. One can consult [6]
for details. We use the left action by conjugation by inverses since it
corresponds better to the left modules obtained after the abelianiza-
tion.
Proposition 2.11. Let G˜ = HNN(K,Ai, Xi, i ∈ I) be a special pro-p
HNN-extension of a finite p-group K and F˜ be the normal closure of
F (
⋃
i∈I Xi, ∗) in G˜. For every i ∈ I choose respectively coset represen-
tative sets Ri of K/NK(Ai) and Si of NK(Ai)/Ai. Then
F˜ =
∐
i∈I
∐
r∈Ri
∐
s∈Si
F (Xi, ∗)
s−1r−1.
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Proof. By Definition 2.9, one can view G˜ as the quotient of G :=
F (
⋃
i∈I Xi)∐K modulo the relations [ai, xi] for all xi ∈ Xi and ai ∈ Ai,
with i running through the finite set I. By the Kurosh Subgroup The-
orem (see [15, Theorem 9.1.9]) applied to the normal closure N of
F (
⋃
i∈I Xi, ∗) in G we have a free pro-p decomposition
N =
∐
i∈I
∐
r∈Ri
∐
s∈Si
∐
a∈Ai
F (Xi, ∗)
a−1s−1r−1.
The relations yield F (Xi, ∗)
a−1 = F (Xa
−1
i , ∗) = F (Xi, ∗). Since for
s ∈ Si, a ∈ Ai, x ∈ Xi one has [a, x] = 1 if, and only if, [a
s, x] = 1 if
and only if [a, xs
−1
] = 1, we deduce that
F˜ =
∐
i∈I
∐
r∈Ri
∐
s∈Si
F (Xi, ∗)
s−1r−1.

Observing that K acts on F˜ =
∐
i∈I
∐
r∈Ri
∐
s∈Si
F (Xi, ∗)
s−1r−1 per-
muting the free factors we deduce the following
Corollary 2.12.
F˜ ab =
⊕
i∈I
∏
z∈Xi
Zp[K/Ai],
with (Xi, ∗)[F˜ , F˜ ]/[F˜ , F˜ ] being a pointed basis of
∏
x∈Xi
Zp[K/Ai]. More-
over, Xi ⊂ CF˜ (Ai)[F˜ , F˜ ]/[F˜ , F˜ ].
3. The structure of the abelianization
We start this section with the lemma proved for finitely generated
case in [5] that relates a semidirect product G = F ⋊Cp of a free pro-p
group of order p and a group Cp of order p with Zp[Cp] module F
ab.
The proof however uses only finiteness of the set of conjugacy classes of
groups of order p in G. We give the proof here as well for convenience
of the reader.
Lemma 3.1. Let G = F ⋊C be a semidirect product of a finite cyclic
p-group C = 〈c〉 and free pro-p group F . Suppose G has only one
conjugacy class of groups of order p. Then
(i) ([23, Theorem 1.2], [14, Prop. 10.6.2]) G has a free pro-p prod-
uct decomposition G = (C ×H0)∐H, such that H0 and H are
free pro-p groups contained in F .
(ii) The Zp[C]-module M = F
ab decomposes in the form
M =M1 ⊕Mp
such that M1 is trivial and Mp is a free Zp[C]-module.
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Moreover, if X0 is the basis of H0 and X is the basis of H then the ba-
sis ofM1 is X0[F, F ]/[F, F ] and the Zp[C]-basis ofMp is X [F, F ]/[F, F ].
Proof. (ii) is a particular case of Corollary 2.12 but the proof in this
case is much easier so we give it here. Denote by c a generator of C. By
the pro-p version of the Kurosh subgroup Theorem, [15, Thm. D.3.8]
we have
F = H0 ∐
(
p−1∐
j=0
Hc
j
)
.
Factoring out [F, F ] one arrives at the desired decomposition.

We shall need the following proposition, where tor(G) means the set
of non-trivial torsion elements.
Proposition 3.2. [23, Prop 1.7 (i)] Let G be a virtually free pro-p
group and N a normal subgroup of G generated by torsion. Then
tor(G)N/N = tor(G/N),
where tor(G) stands for the torsion of G.
Lemma 3.3. Let G = F ⋊ H be a semidirect product of a finite p-
group H and a free pro-p group F . Suppose every torsion element of
G is conjugate into H. If C is central subgroup of order p in H, then
G/CG = F¯⋊H/C with F¯ free pro-p and every finite subgroup of G/CG
is conjugate to H/C.
Proof. By Proposition 3.2 every torsion element k of G/CG is the image
of some torsion element g of G. By hypothesis g is conjugate into H
so k is conjugate into H/C. By Lemma 3.1(i) F¯ = FCG/CG is free
pro-p. 
Theorem 3.4. Let G = F ⋊ H be a semidirect product of a finite p-
group H and a free pro-p group F . Suppose every torsion element of
G is conjugate into H. Then F ab is a Zp[H ]-permutation module.
Proof. We use induction on the order of H . Let C be a central sub-
group of H of order p. By Lemma 3.1 F ab is Zp[C]-permutation with
F ab =M1⊕Mp, where M1 is trivial and Mp is a free Zp[C]-module and
moreover,M1 is the image of CF (C) in F
ab. Since CF (C) is H-invariant
so is M1.
We want to apply Theorem 2.6 to show that F ab is a Zp[H ]-permutation
module and we showed in the previous paragraph that the hypothesis
(i) of Theorem 2.6 is satisfied. Consider the commutative diagram
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F //

FC/CG

F ab // F abC
,
where the bottom row is just the abelianization of the upper one. We
can apply Lemma 3.3 and the induction hypothesis to G/CG to deduce
that F abC is an Zp[H/C]-permutation module. Now F
ab
C /M1
∼= (Mp)C
and by Lemma [11, Lemma 2.4] (Mp)C ∼= M
C
p , so (F
ab)C ∼= F abC is a
permutation Zp[H/C]-module.
Thus the hypothesis (ii) of Theorem 2.6 is also satisfied and so F ab
is a permutation Zp[H ]-module. 
4. Permutational abelianization
Proposition 4.1. Let G = F ⋊ C be a semidirect product of a group
C = 〈c〉 of order p and a free pro-p group F . Then F ab is Zp[C]-
permutation if and only if C is the unique subgroup of G of order p up
to conjugation.
Proof. ‘if’ is a particular case of Theorem 3.4.
‘Only if’. By [23, Proposition 1.3] (or by Lemma 7.1) combined
with Lemma 3.1 G embeds into a pro-p group G0 = (Cp × H) ∐ H0,
where Cp is of order p and H,H0 are free pro-p. Thus w.l.o.g we may
assume that G ≤ G0 and C = Cp. By the pro-p version of the Kurosh
subgroup theorem (see [15, Theorem 9.1.9]) any open subgroup U of G0
containing G admits a decomposition U =
∐
g∈SU
(U ∩ (C ×H)g)∐HU
for some free pro-p group HU , where SU is the set of representatives of
U\G0/(C×H). Let T be a subgroup ofG order p which is not conjugate
to C. Then we can choose U such that C and T are not conjugate in
U and in fact assume w.l.o.g T = Cg for some g ∈ SU . Thus we can
regard C∐T as a subgroup of G and U . Put F¯ = F ∩(C∐T ) and note
that it is finitely generated. Then the natural splitting epimorphism
U −→ C ∐T = F¯ ⋊C restricted to F gives the following commutative
diagram
F¯ //

F //

F¯

F¯ ab // F ab // F¯ ab
with upper and lower composition maps being identity. So F¯ ab is a
finitely generated direct summand of F ab and by [5, Lemma 6] F¯ ab is not
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a permutation Zp[C]-module. By Proposition 2.3(ii) this contradicts
to the hypothesis that F ab is Zp[C]-permutation.

From now on we shall assume in this section that G = F ⋊H with
H 6= {1} and F ab being a Zp[H ]-permutation module, i.e. F
ab =⊕
e∈EMe, where Me =
∏
x∈Xe
Zp[H/He] = Zp[H/He]⊗ˆZp[[Xe, ∗]] and
{He, e ∈ E} is a set of representatives of conjugacy classes of certain
subgroups of H and (Xe, ∗) is the one point compactification of Xe.
Thus we view Xe as a subset of Me and in fact (Xe, ∗) is a pointed
basis of Me as explained in Remark 2.4.
We shall relate centralizers of subgroups of H in F with the Zp[H ]-
module structure of F ab.
Lemma 4.2. If there exists e0 ∈ E such that He0 = H for some
e0 ∈ E, then the decomposition F
ab =
⊕
e∈EMe can be rearranged such
that CF (H)[F, F ]/[F, F ] = Me0 = Zp[[Xe0, ∗]] is a direct Zp[H ]-trivial
summand of F ab.
Proof. We argue by induction on H using Proposition 4.1 as the base
of induction. Let C be a central subgroup of order p in H . Then
ResHC (F
ab) is a permutation Zp[C]-module and so by Proposition 4.1
FC has only one conjugacy class of groups of order p. Therefore by
Lemma 3.1 (ii) F ab =M1 ⊕Mp, where
M1 = CF (C)
ab = CF (C)[F, F ]/[F, F ]
is a trivial Zp[C]-module and Mp is a free Zp[C]-module generated by
XC [F, F ]/[F, F ]. Moreover, M1 is Zp[H ]-submodule since CF (C) is
H-invariant. Note also that MC is Zp[H/C]-permutation since M is
Zp[H ]-permutation (see Remark 2.7). Hence by Theorem 2.6M1 is a di-
rect summand of F ab. Then taking into account that Zp[H/He] is trivial
Zp[C]-module if and only if C ≤ He one deduces from Proposition 2.3
(ii) that the decomposition F ab =
⊕
e∈EMe can be rearranged such
that M1 =
⊕
C≤He
Me. Now CF (H) ≤ CF (C), HCF (C)/C = CF (C)⋊
H/C and CF (C)
ab =M1, so by induction hypothesis CF (H)[F, F ]/[F, F ] =
Me0 as required.

Proposition 4.3. Let (Xe, ∗) be a pointed profinite basis of Me, e ∈ E.
Then the decomposition
⊕
e∈EMe can be rearranged such that
Xe ⊂ CF (He)[F, F ]/[F, F ]. (1)
for all e ∈ E.
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Proof. We use induction on |H|.
If H = He∗ for some e∗ ∈ E then by Lemma 4.2 F
ab =
⊕
e∈EMe can
be rearranged such that CF (H)[F, F ]/[F, F ] = Me∗ , is a Zp[H ]-trivial
direct summand of F ab. So we are done if E = {e∗}.
Let K be a subgroup of H of index p. If He ≤ K, then Res
H
K(Me) =∏
x∈Xe
⊕
r∈R Zp[[K/H
r
e ]], where R is a set of coset representatives of
H/K. Otherwise, ResHK(Me) =
∏
x∈Xe
Zp[[K/He ∩ K]]. So putting
EK = {e ∈ E | He ≤ K} one has
ResHK(F
ab) =
⊕
e∈EK
∏
x∈Xe
⊕
r∈R
Zp[[K/H
r
e ]]⊕
⊕
e∈E\EK
∏
x∈Xe
Zp[[K/He ∩K]].
By induction hypothesis (applied to FK) this decomposition can
be rearranged such that Xe ⊂ CF (He)[F, F ]/[F, F ] for every e ∈ EK
(in fact rXe ⊂ CF (H
r
e )[F, F ]/[F, F ] for every r ∈ R and e ∈ E, but
we need it only for r = 1). Since
⊕
r∈R
∏
x∈Xe
Zp[[K/H
r
e ]] = Me the
statement is proved for every e ∈ EK .
Let E0 be a maximal subset of E such that there exists a decompo-
sition of F ab with (1) satisfied for all e ∈ E0. Since for a given e 6= e∗
there exists K of H of index p containing He, the preciding paragraph
shows that if E 6= {e∗} then E0 is not empty.
Pick e′ ∈ E \ E0. Let K be a subgroup of index p in H containing
He′. Then by above there is a maximal direct summand M
′
e′ of F
ab
isomorphic toMe′ satisfying the statement of the proposition. Then by
Proposition 2.3 (ii) F ab =
⊕
e 6=e′ Me⊕M
′
e′ contradicting the maximality
of E0. Thus E0 = E and the proposition is proved. 
5. Special HNN-extensions
We are ready to prove Theorem 1.2, where we shall keep the notation
Me =
∏
x∈Xe
Zp[H/He] viewing Xe as a subset of Me (cf. Remark 2.4).
Theorem 5.1. Let G = F ⋊ H be a semidirect product of a finite
p-group H and a free pro-p group F . Suppose F ab =
⊕
e∈EMe is
Zp[H ]-permutation module. Then G = HNN(H,He, Xe) is a special
HNN-extension with the base group H.
Proof. By Proposition 4.3 the decomposition
⊕
e∈EMe can be rear-
ranged such that for all e ∈ E the pointed profinite basis (Xe, ∗) of
Me is contained in CF (He)[F, F ]/[F, F ]. Since the natural homomor-
phism CF (He) −→ CF (He)[F, F ]/[F, F ] admits a continuous section
(see [15, Lemma 5.6.5]) the injective continuous map ηabe : (Xe, ∗) −→
Me; x −→ 1He⊗ˆx defined in Remark 2.4 lifts to a continuous map
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ηe : (Xe, ∗) −→ CF (He). Let G˜ = HNN(H,He, Xe) be a special HNN-
extension and f : G˜ −→ G be a homomorphism given by the uni-
versal property that extends ηe and sends H identically to H . Let
F˜ = f−1(F ). Then by Corollary 2.12 F˜ ab =
⊕
e∈EMe, such that
Xe ⊂ CF˜ (He0)[F˜ , F˜ ]/[F˜ , F˜ ] for every e ∈ E. Thus one has the com-
mutative diagram
F˜
##❍
❍❍
❍❍
❍❍
❍❍
❍
f // F
{{✈✈
✈✈
✈✈
✈✈
✈✈
⊕
e∈EMe
implying that f|F˜ induces an isomorphism on the abelianizations and
therefore f has to be an isomorphism. 
Combining this theorem with Theorem 3.4 we deduce the following
Corollary 5.2. Let G = F ⋊ H be a semidirect product of finite p-
group H and free pro-p group F . Suppose every torsion element of G
is F -conjugate into H. Then G is a special HNN-extension with the
base group H.
We are now ready to prove Theorem 1.3
Theorem 5.3. Let F ⋊H be a semidirect product of a free pro-p group
F and a finite p-group H. Then the action of H extends to the action
on some free pro-p group F˜ containing F such that H permutes the
elements of some (pointed) basis of F˜ .
Proof. Use an embedding G = F ⋊ H −→ G˜ = F˜ ⋊ H (see Lemma
7.1). Every torsion element of G˜ is F˜ -conjugate into H so G˜ =
HNN(H,He, Xe), e ∈ E is a special HNN-extension by Corollary 5.2.
By Lemma 2.11
F˜ =
∐
e∈E
∐
r∈Re
∐
s∈Se
F (Xe, ∗)
s−1r−1 ,
is a free pro-p product of free pro-p groups F (Xe, ∗) on the pointed
basis (Xe, ∗) where Re, Se are coset representative sets of H/NH(He)
and NH(He)/He respectively. Since He centralizes Xe, the action of H
on E by conjugation permutes the free factors F (Xe, ∗)
s−1r−1 with⋃
e∈E
⋃
r∈Re
⋃
s∈Se
(Xs
−1r−1
e , ∗),
being the H-invariant pointed basis of F˜ .
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
Now Theorem 1.1 follows easily.
Theorem 5.4. Let G be a virtually free pro-p group. Then G acts on
a pro-p tree with finite vertex stabilizers.
Proof. Let F be an open normal subgroup of G. We can embed G into
G0 = G ∐ G/F = F0 ⋊ G/F , where F0 is the kernel of the natural
epimorphism G0 −→ G/F induced by the natural epimorphism G −→
G/F and the identity map on the second factor. Note that by the
pro-p version of the Kurosh subgroup theorem [15, Theorem 9.1.9]F0
is free pro-p. By Theorem 5.3 G0 can be embedded in a semidirect
product G˜ = F˜ ⋊G/F such that G/F permutes the elements of some
(pointed) basis of F˜ and so F˜ ab is a Zp[G/F ]-permutation module.
Hence by Theorem 5.1 G˜ is a special HNN-extension with finite base
group G/F . Therefore according to Remark 2.10 G˜ and hence G acts
on a pro-p tree with finite vertex stabilizers. 
We finish this section with the result on virtually free pro-p groups
that resembles the statement of the Weiss theorem for modules.
Theorem 5.5. Let G = F⋊H be a semidirect product of finite p-group
and free pro-p group H. Let N be a normal subgroup of H such that
(i) all torsion elements of FN are conjugate into N ;
(ii) all torsion elements of G/NG are conjugate into HNG/NG.
Then G is a special HNN-extension with base group H. In particular,
all torsion elements of G are conjugate into H.
Proof. We shall use induction on |N |. Suppose |N | = p. Then by
Lemma 3.1 Zp[N ]-module M = F
ab has a decomposition M1⊕Mp such
that M1 is trivial and Mp is a free Zp[N ]-module and moreover M1 is
Zp[H ]-invariant. Hence MN ∼= M
N . Then observing that NG = NFN
we have the following commutative diagram:
F //

F¯ = FN/NG

M // MN
,
where by Lemma 3.3 F¯ is free pro-p.
Clearly the Zp-module MN = M1 ⊕ (Mp)N .
By Theorem 3.4 MN ∼= MN = F¯
ab is a permutation Zp[H ]-module
and so by Theorem 2.6 so is M . Hence by Theorem 5.1 G is a special
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HNN-extension of H . In particular, by [14, Cor. 7.1.3] all torsion
elements of G are conjugate into H and in fact F -conjugate.
Suppose now |N | > p and let C be a central normal subgroup of
H contained in N . By Lemma 3.3 G/CG = F¯ ⋊ H/C, where F¯ =
FC/CG is free pro-p and every torsion element of F¯⋊N/C is conjugate
into N/C (since CG = CNF ). Hence by the induction hypothesis all
torsion elements of G/CG are conjugate into H/C. Then by the base
of induction all torsion elements of G are conjugate into H and by
Corollary 5.2 G is a special HNN-extension.

6. Finite centralizers of torsion
The main theorem of [11] states that a second countable virtually
free pro-p group having finite centralizers of the non-trivial torsion
elements is a free pro-p product of finite groups and a free pro-p group.
It is not true for virtually free pro-p groups of uncountable rank. The
objective of this section is to show that a free pro-p groups of arbitrary
rank embeds in a free pro-p product of a finite p-group and a free pro-p
group. We shall also establish a criterion for its decomposition as a
free pro-p product of finite p-groups and a free pro-p group.
We shall begin with the following
Lemma 6.1. Let G˜ = HNN(K,Ai, Xi, i ∈ I) be a special pro-p HNN-
extension of a finite p-group K and F˜ be the normal closure of (
⋃
i∈I Xi, ∗)
in G˜. Let I0 = {i ∈ I | Ai 6= 1} and F be a K-invariant free
factor of F˜ such that CF (Ai) = 1 for every i ∈ I0. Then putting
F˜K = 〈Xi | i ∈ I0〉
F˜ we have F ∩ F˜K = 1 and G˜/F˜K = F0 ∐ K for
some free pro-p group F0.
Proof. The second statement follows directly from the presentation of
a special HNN-extension. We shall induct on |I0| + |K| to prove the
first one.
If K is of order p (and so |I0| ≤ 1) then by Lemma 3.1 G˜ = (K ×
FK) ∐ F0, where FK = 〈Xi | i ∈ I0〉, F0 are free and F˜
ab = M1 ⊕Mp,
where M1 is the trivial Zp[K]-module coinciding with the image of FK
in F˜ ab and Mp is a free Zp[K]-module. Thus we have the following
commutative diagram
F˜ //

F0

F˜ ab // Mp
.
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Since F is a K-invariant free factor of F˜ , its abelianization F ab is
a pure Zp[K]-submodule of F˜
ab (i.e. a Zp-direct summand). By [13,
Theorem B] F ab = Mp−1 ⊕ L, where L is a free Zp[K]-module and
Mp−1 has no non-zero elements fixed by K. Since L is free it is a direct
summand of F˜ ab (see [1, Proposition 3.6.4]); the proof over Zp works
mutatis mutandis) and so by Proposition 2.3(ii) can be assumed to be
contained in Mp. Hence M1 ∩ F
ab = 0 and so the bottom map of the
diagram is injective on F ab. Therefore the upper map of the diagram
is injective on F and the lemma is proved in this case.
Suppose |K| > p and let H be a subgroup of index p in K. Put
F˜H = 〈Xi | 1 6= Ai ≤ H, i ∈ I0〉
F˜ . By the induction hypothesis applied
to F˜H we know that F ∩ F˜H = 1 and so the natural epimorphism
G˜ −→ G˜/F˜H restricted to G is injective. Let IH = {i ∈ I0 | Ai ≤
H}. It follows from the presentation of a special HNN-extension that
G˜/F˜H = HNN(K,Ai, Xi, i ∈ I \IH} and so satisfies the premises of the
lemma. So if IH 6= ∅ for such H then we deduce the result from the
induction hypothesis.
Thus we left with the case when |I0| = 1 and Ai0 = K for i0 ∈ I0. In
this case G˜ = (K × F (Xi0 , ∗))∐ F0 for some free pro-p group F0. Let
C be a normal subgroup of order p of K. Then CF˜ (C) = CF˜ (K) =
F (Xi0, ∗) (see [15, Theorem 9.1.12]). So F˜C satisfies the premises of
the lemma and the result follows from the induction hypothesis applied
to F˜C in this case.

Theorem 6.2. Let G = F ⋊H be a semidirect product of a free pro-p
group F and a finite p-group H. Suppose G have finite centralizers
of the non-trivial torsion elements. Then G embeds into a free pro-p
product H ∐ F0 of H and a free pro-p group F0.
Proof. Consider G as a subgroup of an HNN-extension
G˜ = HNN(G,Ai, φi, Xi), i ∈ I
(Lemma 7.1). By Corollary 5.2 G˜ is a special HNN-extension G˜ =
HNN(H,He, Xe), e ∈ E.
SinceG has finite centralizers of non-trivial torsion elements CF (Ai) =
1 for every i, so applying Lemma 6.1 we obtain the natural epimor-
phism G˜ −→ G˜/〈Xi) | Ai 6= 1〉
G˜ = F0∐H whose restriction to G is an
injection. The result follows. 
Corollary 6.3. Let G be a pro-p group possessing an open normal free
pro-p group F and having finite centralizers of the non-trivial torsion
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elements. Then G embeds into a free pro-p product G/F ∐ F1 of the
finite quotient group G/F and a free pro-p group F1.
Proof. Embed G into G0 = G ∐ G/F = F0 ⋊ G/F with F0 free pro-p
containing F and apply Theorem 6.2. 
We are ready to prove Theorem 1.4.
Theorem 6.4. Let G be a virtually free pro-p group having finite cen-
tralizers of the non-trivial torsion elements. Then G embeds into a free
pro-p product G0 = F0∐H of a finite p-group H and a free pro-p group
F0.
Proof. Let F be a core of an open free pro-p subgroup of G. Then F
is open normal and we can apply Corollary 6.3. 
Let G be a pro-p group and {Gx | x ∈ X} be a family of subgroups
indexed by a profinite space X . Following [14, Section 5.2] we say that
{Gx | x ∈ X} is continuous if for any open subgroup U of G the subset
{x ∈ X | Gx ⊆ U} is open.
Lemma 6.5. Let G be a virtually free pro-p group having finite cen-
tralizers of the non-trivial torsion elements. Then the maximal finite
subgroups of G can be indexed by some profinite G-space X such that
the family F = {Gx | x ∈ X} of them is continuous.
Proof. Let G0 = F0 ∐ H be a free pro-p product containing G from
Theorem 6.4. Consider the family {Gx | x ∈ G0/H} of the stabilizers
of points of the profinite space G0/H on which G acts from the left.
By [12, 4.8 (3-d paragraph)] or [14, Lemma 5.2.2]) {Gx | x ∈ G0/H}
is a continuous family of subgroups of G. Since G ∩ F0 is an open
free pro-p subgroup of G the subset {x ∈ G0/H | Gx ≤ F0 ∩ G} is
open and clearly Gx 6≤ F0 ∩ G iff Gx 6= {1}. Therefore the subset
X = {x ∈ G0/H | Gx 6= {1}} is closed and so one deduces from
the definition of a continuous family that F = {Gx | x ∈ X} is a
continuous family of subgroups of G. Clearly X is G-invariant, and
since G0x = xHx
−1 is a maximal finite subgroup of G0, Gx is a maximal
finite subgroup of G. The lemma is proved.

We finish the section with the proof of Theorem 1.5.
Theorem 6.6. Let G be a virtually free pro-p group having finite cen-
tralizers of non-trivial torsion elements and X be the space from Lemma
6.5. Then G is a free pro-p product of finite p-groups and a free pro-p
group if and only if the natural quotient map θ : X −→ X/G with
respect to the action of G admits a continuous section.
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Proof. ‘If’ follows from the pro-p version of the Kurosh Subgroup The-
orem ([12, Thm. 4.3]) applied to the subgroup G of G0 taking into
account that the existence of a continuous section s to θ is only what
is needed to remove the second countability hypothesis from its state-
ment. See for example [12, Comment (5.1)] , where this is explicitely
written. Alternatively one can use [14, Thm 9.6.1 (a)]) by considering
a natural action of G on the standard pro-p tree T for G0 and as in
the proof of (b) of this theorem one can use [14, Lemma 5.2.2]) and
continuity of s to show that {Gx | x ∈ s(X/G)} is a continuous family.
‘Only if’. Let G =
∐
t∈T Gt ∐ F0, where {Gt | t ∈ T} is a continuous
family of finite subgroups of G. Let F be an open free pro-p subgroup
of G. By [12, (1.2) Remark] or [14, Lemma 5.2.1] E =
⋃
t∈T Gt is closed
in G and so E0 = E \ F = E \ {1} is closed, where F is an open free
pro-p subgroup of G. Consider a continuous map η : G×X −→ X×X ,
η(g, x) = (gx, x). Let X0 be the projection of η(E0) ∩ D on the first
coordinate, where D is the diagonal of X × X . It suffices to show
that the restriction of θ to X0 is a homeomorphism. Clearly, θ|X0 is
continuous, so we need to check bijectivity. Choose x1 6= x2 ∈ X0.
Then η−1(x1, x1) = Gt1 × {x1} and η
−1(x2, x2) = Gt2 × {x2} for some
t1 6= t2 ∈ T . Since Gt1 and Gt2 are not conjugate in G (see [14, Cor.
7.1.5 (a)]) they stabilize points x1 and x2 in different G-orbits, so θ|X0
is injective. The surjectivity of θ|X0 is clear, since any finite group Gx
is conjugate to some Gt in G see [14, Cor. 7.1.3]) and Gt stabilizes
some point x0 ∈ X0, i.e. θ(x) = θ(x0).

7. Appendix
We shall give a construction from [4] that uses an HNN-extension
to embed a semidirect product G = F ⋊ H of a free pro-p group F
and a finite p-group H into a semidirect product G˜ = F˜ ⋊H of a free
pro-p group F˜ and the same group H such that all finite subgroups of
G˜ conjugate into H . In particular it gives another proof of Proposition
1.3 in [23].
Let π : G −→ H be the natural projection; note that π restricted to
any finite subgroup of G is an injection. Let Fin(G) be the set of all
finite subgroups of G. Since the order of any finite subgroup of G does
not exceed |H| and G is a projective limit of finite groups, Fin(G) is
the projective limit of the respective sets of subgroups of order ≤ |H|
– hence it carries a natural topology (the subgroup topology) – turning
it into a profinite space. Equipped with this topology, Fin(G) with G
acting by conjugation becomes a profinite G-space.
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Let A = {Ai, i ∈ I} be the set of all subgroups of H . The pro-
jection π induces a continuous surjection ρ : Fin(G) −→ A. Put
Xi = ρ
−1({Ai}). Define φi : Ai×Xi −→ G by setting φi(a, x) to be the
unique element ax of the group x ∈ Xi such that π(ax) = a. Form an
HNN-extension G˜ := HNN(G,Ai, φi, Xi), i ∈ I (since Xi are compact,
the distinguished point from Definition 2.9 can be omitted). By [14,
Theorem 7.1.2] (cf. also [14, Example 6.2.3 (e)]) each finite subgroup
of G˜ is conjugate into G and hence by construction into H . Note also
that the natural epimorphism π : G −→ H extends by the universal
property to π˜ : G˜ −→ H . By [4, Lemma 10] or [14, Theorem 9.6.1 (a)]
F˜ = ker(p˜i) is a free pro-p products of conjugates of F˜ ∩G = F and a
free pro-p group; thus F˜ is free pro-p.
Lemma 7.1. The natural homomorphism G −→ G˜ is an injection.
Proof. Let G˜abs = HNNabs(G,Ai, φi, Xi), i ∈ I be the abstract HNN-
extension. Then it suffices to show that the natural homomorphism
G˜abs −→ G˜ is injective. By Definition 2.9 G˜ := HNN(G,Ai, φi, Xi),
i ∈ I is defined to be the quotient of G∐F (
⋃
i∈I Xi), where F (
⋃
i∈I Xi)
is a free pro-p group on (
⋃
i∈I Xi), modulo the relations φi(ai) = xiaix
−1
i
for all xi ∈ Xi, i ∈ I. Thus we have the following commutative diagram
G ⋆ F (
⋃
i∈I Xi)
//

G∐ F (
⋃
i∈I Xi)

G˜abs // G˜
,
where ⋆ means the abstract free product.
Note that G∐F (
⋃
i∈I Xi) is the pro-p completion of G ∗F (
⋃
i∈I Xi)
with respect to the family of normal subgroups N of finite index such
thatN∩G is open in G and (
⋃
i∈I Xi) −→ (
⋃
i∈I Xi)N/N is continuous.
Therefore G˜ is the pro-p completion of G˜abs with respect to the family of
images of N in G˜abs, i.e. with respect to the family of normal subgroups
U of finite index in G˜abs satisfying the same properties. Moreover,
w.l.o.g we may assume that U ∩G ≤ F .
Choose an open normal subgroup V ⊳oG of G contained in F . Then
the natural epimorphism G −→ G/V induces the natural continuous
map ρV : Fin(G) −→ Fin(G/V ) and therefore continuous maps ρV,i :
Xi −→ Fin(G/V ). Then by the universal property of abstract HNN-
extensions ρV,i and G −→ G/V extend to an epimorphism
ρ˜V : G˜
abs −→ HNNabs(G/V,AiV/V, ρV (Xi)).
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Note that the natural epimorphism π : G −→ H extends to the epi-
morphism π˜abs : G˜abs −→ H (the samer way as to π˜). Moreover, π˜abs
factors through ρ˜V , i.e. we have the natural epimorphism
ϕV : HNN
abs(G/V,AiV/V, ρV (Xi)) −→ H
whose kernel is an abstract free product of F/V and an abstract free
group (by the Kurosh subgroup theorem). Moreover, since V ≤ F ,
HNNabs(G/V,AiV/V, ρV (Xi)) = ker(ϕV ) ⋊ HV/V and hence is resid-
ually p (as an extension of a residually p group by a finite p-group).
Therefore there exists an epimorphism
ϕVK : HNN
abs(G/V,AiV/V, ρV (Xi)) −→ K
to a finite p-group K injective on G/V . Then for the kernel UV K of
ϕVK ρ˜V we have UV K∩G is open inG and (
⋃
i∈I Xi) −→ (
⋃
i∈I Xi)UV K/UV K
is continuous. Hence
⋂
V (UV K ∩G) = 1 implies that G indeed embeds
in G˜.

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